We discuss two conditions needed for correct computation of 2νββ nuclear matrix-elements within the realistic shell-model framework. This algorithm yields rapid convergence on the 2νββ matrix-elements, even when neither relevant GT + nor GT − strength distribution is convergent. A significant role of the shell structure is pointed out, which makes the 2νββ matrix-elements highly dominated by the lowlying intermediate states. Experimental information of the low-lying GT ± strengths is strongly desired. Half-lives of T 2ν 1/2 (EC/EC; 36 Ar → 36 S) = 1.7 × 10 29 yr, T 2ν 1/2 (EC/EC; 54 Fe → 54 Cr) = 1.5 × 10 27 yr, T 2ν 1/2 (EC/EC; 58 Ni → 58 Fe) = 6.1 × 10 24 yr and T 2ν 1/2 (β + /EC; 58 Ni → 58 Fe) = 8.6×10 25 yr are obtained from the present realistic shell-model calculation of the nuclear matrix-elements.
Introduction
The nuclear double-β (ββ) decay is a good probe to investigate neutrino masses and some basic properties of the weak interaction [1, 2, 3] . The 0ν mode, if it exists, immediately indicates a defect of the standard model.
On the other hand, the 2ν mode occurs within the standard model. This mode has a practical importance, because it governs the lifetime of the nuclei which concern ββ decay. Moreover, the observation of the 2νββ decays [2] has revealed serious discrepancies between earlier predictions and the observed half-lives. It probably originated in a problem of the nuclear structure theories. This problem may be crucial also to the 0νββ decays, because some of the nuclear matrix-elements associated with the 0ν mode have similarity to the 2ν mode.
The 2νββ decay takes place by two sequential Gamow-Teller (GT) transitions, via virtual intermediate states. It is not always possible for the current nuclear structure theories to give reliable predictions even on single-GT transitions, since the GT transitions are sensitive to some details of nuclear many-body wavefunctions. The most promising approach to the GT transitions seems to be realistic shell-model calculations. It is yet difficult to apply realistic shell-model approaches to the relatively heavy nuclei where the 2νββ decays have been observed. It may become possible in the near future, however, to carry out a reliable shell-model calculation in a few of these nuclei, with assistance of the growing computer power.
Several realistic shell-model calculations have been reported for the 48 Ca → 48 Ti β − β − decay [9, 10, 11] , although it has not been observed. In Ref. [9] , it has been pointed out that, among a large number of possible intermediate states, the lowest 1 + state gives a dominant contribution to the 2νββ process. In Ref. [10] , a method to handle the intermediate states has been developed based on Whitehead's moment method [12] . Rapid convergence by this method has been shown for the 48 Ca decay. The 48 Ca case is, however, somewhat special, as will be discussed later. It is worth examining generality of these suggestions, by taking other sample nuclei.
While most experimental efforts have been cast on the double-β
decays, the β + side is also important. Since the electron capture (EC) and positron emission (β + ) are possible in a single-GT + transition, we have three cases in the double-GT + transitions; EC/EC, β + /EC and β + β + [4, 5] . It has been pointed out that, in the 0ν mode, they seem to yield quite a different constraint on the neutrino masses and right-handed weak-current parameters [6] , although the double-GT + transitions are more difficult to be observed than the β − β − cases. From the viewpoint of the nuclear structure theories, there is no essential distinction in the algorithm to compute the ββ matrix-elements, between the β − and the β + cases. In the A < ∼ 60 region, [7, 8] . We will also discuss the key features to describing the 2νββ nuclear matrix-elements. With respect to the 36 Ar decay, a realistic shell-model hamiltonian has been established in the sd-shell region; the so-called USD interaction [7] . The 54 Fe and 58 Ni nuclei belong to the middle pf-shell region. Though diagonalization of a hamiltonian in the full pf-shell is not yet possible for the middle pf-shell nuclei, a large-scale calculation in a loosely truncated space is successful to describe spectroscopic properties [8] . The k ≤ 2 configuration space, where k represents number of nucleons excited from 0f 7/2 to (0f 5/2 1p 3/2 1p 1/2 ), is adopted in this calculation, together with the Kuo-Brown hamiltonian [13] . The 2νββ nuclear matrix-elements contain a product of a Though the practical application will be devoted to the β + side, we here discuss how to calculate the 2νββ nuclear matrix-elements more generally.
The nuclear matrix-element of the 2νββ process is written as
where [1] . In the practical applications to be discussed, the final states must be the ground state, because of the Q-values. The contribution of the Fermi-decay mode due to the isospin-mixing is known to be negligible [3] , and is omitted in Eq.(1). The bare GT operator is given by
where the summation runs over constituent nucleons and g A = G A /G V = 1.26. It has been known that, however, effects of the core-polarization (CP) and meson-exchange currents (MEC) should be taken into account in shellmodel calculations on the GT processes [15, 16] . For this reason we use effective GT operators,
where
In the shell-model approach, the summation in Eqs. (2) and (4) is restricted to valence nucleons. The parameters δg A , δg lA and δg pA depend on n and l; the quantum numbers of single-particle orbit which the i-th nucleon occupies. In the sd-shell region, an effective operator for the USD wavefunctions has been obtained [17] , by making a global fitting of the single-particle parameters of Eq.(4) to the measured B(GT) values. In the pf-shell region, we adopt the parameter-set evaluated by Towner from microscopic standpoints [15] , which has been shown to yield a sound agreement with the data [14] , combined with the k ≤ 2 Kuo-Brown wavefunctions.
Application of Eq.(1) associated with the above GT operators to the 2νββ matrix-elements implicates the following two assumptions: (i) The contribution of high-lying intermediate states beyond the 0hω space is negligible, although a certain amount of the GT strength is carried out of the 0hω space due to the CP mechanism. This is expected because, in addition to large energy-denominator, the high-lying GT strengths from the initial and final states are unlikely to be coherent, and has been supported by a statistical estimate [18] .
(ii) The two sequential GT transitions are separated so well that the intermediate nuclear states should be the nuclear energy-eigenstates.
The time interval of the sequential GT transitions is ruled by the energy denominator via the uncertainty principle, leading to (1-10MeV) −1 . It is much longer than the time-scale of the weak current, which is the inverse of the gauge-boson mass, ∼(10 2 GeV) −1 . The MEC process takes (10 2 MeV) −1 at most, owing to the pion mass. Because the MEC concern the δT (GT) term, the correction due to the time of the meson propagation will not exceed a few percent of the total 2νββ matrix-elements. Contribution of other higher-order diagrams can be estimated to be negligibly small, in a similar manner.
The assumption (ii) is thus plausible within a few percent accuracy.
The explicit construction of the intermediate energy-eigenstates (|m ) in
Eq. (1) In the closure approximation adopted in earlier studies [3] , E m of Eq. (1) is replaced by a constant average value. We then have, assuming a 0 + final state,
and do not have to handle the intermediate states explicitly. The average energy E av has been estimated mainly from the GT ± resonance energies. It has been recognized, both theoretically and experimentally, that this closure approach hardly gives reliable matrix elements. This indicates a problem in the estimate of E av and/or in the procedure taking energy average itself.
However, averaging of energy is justified if we carry it out in a sufficiently small energy range. Let us consider a set of 1 + states of the intermediate nucleus {|ñ } which exhausts the relevant GT ± strength from the initial state. The states |ñ 's do not have to be energy eigenstates. It is possible to insert n |ñ ñ| into the numerator of Eq. (1),
It should be commented that the set {|ñ } does not have to run out all the GT strength; it has only to exhaust the relevant strength. For instance, even if the GT strength has a certain isospin distribution, only the lowest isospin component needs to be considered for {|ñ }, because higher isospin components do not have GT-transition strength to |f . A state |ñ has large overlaps with some eigenstates and negligibly small ones with others. These overlaps depend on E m . It is postulated that the energy distribution of |ñ is peaked so sharply that |m 's with large m|ñ could have eigenenergies close
to Eñ ≡ ñ|H|ñ . We then obtain, via the approximation E m ≃ Eñ under the presence of m|ñ ,
The closure with respect to |m is available at this stage, giving
The state |ñ plays a role of a doorway state for a certain number of energy eigenstates |m . In comparison with Eq. (1) In Ref. [9] , a cancellation mechanism has been shown by using a weaklycoupled two-configuration model. It is noted that this mechanism is comprehended in the above equations; the essential part of the argument in Ref. [9] reappears if we regard |ñ as a state having a considerable GT ± strength from |i but no GT ∓ strength from |f . The vanishing GT ∓ strength prohibits |ñ from contributing to M ω (2νββ) (see Eq. (8)). There may be one or more states with opposite character, having a GT ∓ strength from |f but no GT ± strength from |i . Suppose that some of these states have energies close to Eñ, and couple weakly to |ñ . This coupling gives rise to a certain fragmentation of |ñ over several eigenstates, which is here denoted by |m 1 ,
|m r may have a sizable contribution to M ω (2νββ), because they have GT strengths both from |i and |f . These contributions, however, cancel one another, and the result obtained solely by |ñ , which gives the vanishing contribution to M ω (2νββ), is recovered. The whole contribution of |m 1 , |m 2 , · · ·, |m r to M ω (2νββ) is represented by |ñ , as is shown from Eq.(6) to (8) in more general cases.
The set {|ñ } has been assumed to exhaust the transition strength from the state |i , in the above discussion leading to Eq. (8) . It should be noted that an analogous equation is derived by adopting a set of doorway states so as to exhaust the relevant GT strengths from |f . These two ways give the same value if they are convergent, although the speed of convergence may be different.
The present derivation of Eq. (8) by applying Whitehead's moment method [12] . The algorithm is as follows:
(I) Produce the state exhausting the relevant GT ± strength from the initial
, where P rel stands for a projection operator which picks up the relevant configurations.
(II) Generate a set of bases by operating the shell-model hamiltonian H on Since all the ββ decays to be investigated belong to the β + side, the present practical calculation has to do only with
Eqs. (1) (2) (3) (4) (5) (6) (7) (8) . For the GT state generated from the initial or final state at the step (I), |GT
is chosen at (I), we do not use the P rel operator (i.e., P rel = 1). For |GT − f , P rel represents the isospin projection for the 36 Ar decay, while for the 54 Fe and 58 Ni decays the projection onto the k ≤ 2 space is included as well.
Because of the phase space of the emitted leptons, ω ∼ Q/2 yields a main contribution to the ββ probabilities, where Q denotes the Q-value of the ββ process. We examine convergence of the above method, by taking ω = Q/2 as a typical value of ω. Fig.1 shows the convergence for N (the number of the iteration). The result on the EC/EC mode is presented for the 58 Ni decay. The β + /EC mode has no essential difference. The number of the In Fig.2 , the GT + strengths from 54 Fe are depicted for N = 10, 30 and 150. Obviously the strength function does not converge with N = 10 and 30.
The convergence of the GT − strength function is somewhat worse than the GT + one. Nevertheless, M ω (2νββ) is convergent, as shown in Fig.1 . This is because the condition (b) for the set {|ñ } is satisfied well, even with such a It is confirmed that the E x < ∼ 5MeV strengths are convergent with N = 150, whereas higher-lying ones are not.
Dominance of low-lying states in intermediate nucleus
We next investigate, taking notice of the excitation energies, which intermediate states give significant contributions to the 2νββ matrix-elements. Fig.3 shows contribution of the intermediate 1
as a function of the excitation energy. Summed value of the 2νββ matrixelements up to the excitation energy E x ,
is displayed, in order to make the convergence for the energy transparent. 3/2 , n : 0d
(p : 0d
on top of the 40 Ca core. Thereby the GT + excitation from 36 Ar and the GT − excitation from 36 S primarily produce the following configurations of 36 Cl,
3/2 , n : 0d
5/2 , n : 0d
The common configuration (p : 0d
, which is the lowest configuration of 36 Cl, gives the main contribution to the 2νββ matrix-element. The (p : 0d matrix-element in the 48 Ca decay, as pointed out in Ref. [9] , unlike the other cases investigated in this article. The dominance of the lowest 1 + state has been suggested from experiments for the 100 Mo decay [19] , and an extensive study has been carried out also for several other decays [20] . This can also be explained by a similar argument for the nuclei with Z or N = 40 − 50, in which the isolation of the 0g 9/2 orbit plays an essential role. The 128 Te and 130 Te cases [19, 20] are a different matter. Another effect such as quadrupole deformation might be necessary to understand this case.
The role of the shell structure has not been recognized sufficiently so far. Despite the arguments for the 48 Ca decay [9] , there has been a lack of such discussions adapting to more general cases. In the 0νββ decays, the difference of energy denominator among low-and high-lying intermediate states is much less important [1] than in 2νββ. However, the shell-structure mechanism remains and lower-lying GT strengths will still be significant, because of a certain similarity of the 0νββ nuclear matrix-elements to the 2νββ ones.
The present calculation has been carried out with the algorithm developed in Ref. [10] . It has been confirmed extensively in this article how powerful this method is, by taking examples other than the 48 Ca decay as well as by a detailed discussion. There are a few other minor differences of the present study from that of Ref. [10] . While the GT operator proportional to σt ± has been used in Ref. [10] , more realistic GT operators are adopted here. This converges somewhat faster than from
The quasiparticle random-phase approximation (QRPA) has often been applied to calculating the ββ nuclear matrix-elements. It is known, however, that results of the 2νββ calculation with QRPA are seriously sensitive to g pp around g pp = 1 [21, 22] , where g pp denotes a factor introduced for the particleparticle interaction. This problem regarding g pp is crucial to predictability of the QRPA calculation. It has been shown in Ref. [22] that the low-lying GT spectra, particularly the GT + ones, are sensitive to g pp . Based on the above discussion of the shell-structure effect and the consequence of the present shell-model calculations, the g pp problem in the 2νββ calculation seems to originate primarily in the sensitivity of the low-lying GT + strengths to g pp .
It is emphasized that the low-lying GT strengths with E x < ∼ (5-10)MeV, rather than higher-lying component such as the GT − -resonance, are essential to the 2νββ nuclear matrix-elements. There are several significant implica- 
Half-lives of 2νββ decays
The main purpose of this article is to clarify what is required to calculate the 2νββ nuclear matrix-elements. As far as the calculated GT strengths from the initial and final states have not been examined sufficiently, we should not claim high precision for the 2νββ matrix-elements calculated in the present study. We here show, however, the calculated half-lives, be-cause there could be some interest in the prediction of the present realistic shell-model calculations. In order to evaluate half-lives of the 2νββ decays, integration of the lepton degrees-of-freedom is carried out, by following
Ref. [4] . As a result, half-lives of T Quite rapid convergence has been shown. It has also been pointed out that the low-lying part of the intermediate GT strength dominates the 2νββ rates, owing to the shell structure of nuclei as well as to the energy denominator.
However, it will not be always true that only the lowest intermediate 1 + state is enough in evaluating the 2νββ nuclear matrix-elements. It somewhat depends on the extent of the configuration mixing. Careful tests of the low-lying GT strengths, which will be doable with assistance of high-resolution chargeexchange experiments, are significant to predict the 2νββ matrix-elements.
Half-lives of those decays obtained within the present shell-model framework have been reported. 
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